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1. Example of Descriptive Statistics

SCENARIO THE TASK

A scientist is testing a new fertilizer on 100 After 4 weeks, she measures the height of every
tomato plants. single plant.

THE DESCRIPTIVE STAT

Average height: 45 cm. Standard deviation: 5 cm. (Most plants are between 40 and 50 cm).

WHY
Simply describing the data at hand. No broader claims yet—just summarizing what happened in her specific garden.




2. Inferential Statistics: Pharmaceutical Case Study

THE'CLINIGAL TRIAL

Scientists test the drug on a sample of 250
diverse volunteers and measure the mean
reduction in pressure.

SCENARIO

A pharmaceutical firm develops a new drug to
lower blood pressure in the global population.

) \

THE INFERENTIAL CLAIM

Based on the trial results, researchers conclude with 95% confidence that the drug will be effective for
millions of patients worldwide.

WHY
Statistics allow scientists to mathematically prove that results from a small sample (the trial) apply to the whole world (the population).
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I Transitioning to Practical Data Handling

Variable Classification Frequency Tables Graphical Representation
Defining the nature of the data we Organizing raw data into b -
collect: meaningful summaries: Visualizing patterns and
distributions:

« Numerical (Discrete/Continuous) « Absolute Frequencies )

: e _ « Histograms for trends
« Categorical (Qualitative) « Relative & Percentage \ _

_ _ _ Moving from broad theory to visual

Understanding measurement scales Converting chaos into structured evidence.
is the first step in analysis. information for decision making.

Next Step: Mastering the tools to describe "what happened” in our specific dataset.
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Frequency Distributions

Step 2: Calculate Relative & Percentage

Percentage
Number of Absolute Freq |Relative Freq |(Freq
Pets (xi) (ni) (pi=fix100)

3/10=03

-




Interpretation

2
Absolute Frequency

Tells us the exact count of occurrences.

4 students have 1 pet.

@

A L

¥
Relative Frequency ~. Percentage
Crucial for calculating probabilities. \ / The best way to communicate findings

Q: clearly.
Probability of picking a student with 1~ *—
pet is 0.4. " "80% of the class has 1 pet."
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Graphical Representation - Histograms

Used for numerical variables.

Structure Area Height Calculation
Consists of adjacent rectangles where Proportional to the frequency (relative or Calculated by dividing the frequency by
the base corresponds to class width. percentage) of the class. the class width.

Important: If classes have unit width, the height coincides with the frequency.
Height = Frequency / Class Width



Histogram Construction Example

Data: Total of 200 observations.

Height
lass Frequency Freq. % Width (Freq%/Width)

110<D<130 10/20=05
130<D<150 20/20=1.0
150<D<170 | 60|  30%|  20/30/20=15

170<D<210 | 80|  40%] _ 40/40/40=10

The total area of the rectangles will equal 100 (if using percentages) or 1 (if using
CE R HE]



Histogram Construction Examnle
Sum = 200

Data: Total of 200 observations.

lass Frequency /| Freq. % Width (Freq%/Width)
110<D<130 | 720\ 10%|  20[10/20=05
130<D<150 | [ 40| \ = 20%|  20[20/20=10
150<D<170 | | 60| |  30%|  20[30/20=15
170<D<210 |\ 8] /  40%|  40[40/40=10

The total area of the rectangles will equal 100 (if using percentages) or 1 (if using
CE R HE]




Histogram Gonstruction Example Sum = 200

20/200=0.1
Data: Total of 200 observations. 01*100 =10

ght
" I - recmian

o030 | 20| (aow| ) 20[10m0:05

130<D<150 | 40| X% 20/20=1.0
150<D<170 | 60|  30%  20/30/20=15
170<D<210 | 80|  40%] _ 40/40/40=10

The total area of the rectangles will equal 100 (if using percentages) or 1 (if using
CE R HE]



Histogram Construction Example 130110 = 20

Data: Total of 200 observations.

. Height
Freq. % Width (Freq%/\Nldth)

‘_-F

The total area of the rectangles will equal 100 (if using percentages) or 1 (if using
CE R HE]



Histogram Construction Example
10/20

Data: Total of 200 observations.

4
oss___|Freweney _|rreg | wiap /| Godpgiom)

R TR o

170<D<210 | 80|  40%] _ 40/40/40=10

The total area of the rectangles will equal 100 (if using percentages) or 1 (if using
CE R HE]



Histogram of Variable Width Classes (Slide 7)
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Cumulative Frequency Graph (Ogive) - Slide 9

60% of values are = 170
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Bar Chart for Categorical Data (Slide 8 Example)

45%

(S 8

Percentage Frequency (%)
N
o

10 A

Brown Blue Green Hazel Grey

Category (Eye Color)

Note: Bars are non-adjacent (separated) because the variable is categorical, not continuous.
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SECTION 03

STATISTICAL INDICES

POSITION | DISPERSION
The "Center of Gravity" = The "Spread” of Data

Mean - Median - Mode | Variance « Std. Deviation
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Position Indices - The Arithmetic Mean

When data is grouped into classes (e.g., 110 < D < 130), we cannot use exact
individual values.

Methodology:

e |dentify the Central Value (Midpoint) of each:class;
e Assume all observations in that class coincide with the midpoint.
e (alculate the weighted average using these midpoints.

the Mean for Grouped Data is an approximation of the true mean computed
with non-grouped data, so it is not exactly equal, but it is usually very close.




Class (Height in cm)
150 < h < 160 10
160 < h < 170 40
170 < h < 180 30 Ly
MACHINESLEARI

180 < h <190 20

Total (V) 100



+ Class 1(150-160): 20180 — 155

+ Class 2 (160-170): {1170 — 165

« Class 3 (170-180): 170180 — 175 .

2
ACHINE-LEARI
« Class 4 (180-190): 1291190 — 185



155 x 10 =1, 595
. 165 x40 = 6,600
e 175 x30=15,250 | MACHINELEARN
e 185 x 20 = 3,700



1,550 + 6,600 + 5,250 + 3,70
S lper Ly
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Position Indices: The Median

Definition
The Median is the value that splits the ordered population into
two equal parts.

Ordered Population

MEDIAN

Key Characteristics

e  Order Dependent: Data must be sorted from
lowest to highest before calculation.

o Rohust Statistic: Unlike the mean, the
median is not heavily influenced by extreme
outliers.

e (Geometric Center: It represents the
"middle” observation in a dataset.
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Even Number of Observations (N = 6)
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Histogram Analysis: Median vs. Mean

Visualizing Central Tendency in Skewed Distributions

The Median (Area Half-Point) Histogram of Skewed Continuous

Mean Joh 4
The value that splits the total histogram
area into two equal halves. It minimizes
the sum of absolute deviations.

=
-
-
-~
b
£

The Mean (Balance Point)

The mathematical center of
gravity where the distribution
would balance. Highly sensitive to
outliers and extreme values.

In right-skewed data, the Mean is pulled toward the extreme values in the tail,
while the Median remains more resistant to these outliers.



Median Calculation via Ogive (Cumulative Graph)

(L
.!_:
—=

o

Mg

The Geometric Method

For grouped data, the Median is the value on the x-axis where
the cumulative frequency reaches exactly 50% (or 0.5) of the
total population.

Step-by-Step Estimation

° 1. Identify N/2: Locate the 50% point on the Y-axis
(Number of Students).

° 2. Horizontal Projection: Draw a line from this point to
the curve (Point A).

° 3. Vertical Projection: Drop a line from Point A down to
the X-axis (Marks).

° 4. Read the Value: The intersection on the X-axis is the
Estimated Median.
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The Fractiles: Slicing the Data (N = 40)

1st Quartile (Q,) 2nd Quartile (Q,) 3rd Quartile (Qs) 90th Percentile
Leaves 25% of data to the left. Leaves 50% to the left (The Leaves 75% of data to the left. (Pgo)
Target CF =10 Median). Target CF = 30
Target CF = 20 Leaves 90% of data to the left.

Target CF = 36

Class (Values) Frequency (f) Cumulative Freq (CF) Contains...
0-20 4 4
12 Q, (Crosses 10)

26 Q. / Median (Crosses 20)

36 Q; (Crosses 30) & Py, (Exactly 36)

40




Histogram: Dividing the Area into 4 Equal Quarters

Total Area = 40. Q,, Q,, and Qs slice the histogram into 4 blocks, each with an exact area of 10.

15

10

Q- ({)1.4)

Area =10

™
I A e e o

Area =10

Q- 68)

Area|=10

Area =10

20

40

60

80

100



The Ogive: Locating Specific Percentiles

CF / Cumulative % Ogive N=40
40 100%

36 | O0% [ T R R I S =y
. Py, /90th Percentile: 80
— a - Decile cut-off: Top 10% of the
< B0 | 78 [ e e e e e i f 4 distribution starts here.
~— ! 1
= 1 :
3) = 75th Percentile: 68
2 25 60% ¢ Q;/ :
=) + Point below which 75%
5 i of observations fall.
£ 20 50% p==c===ccmcscssscmcssmsssssessssenssen— ' :
e : . :
= Q, / 25th Percentile: 35 ' Q,/ The Median: 51.4 '
= 15| 30% Point below which 25% : Splitting the dataset into '
- of observations fall. } twoequal halves. :
O 10 | 25% pesrrasmnses e [ ; ;
1 1 1
|l 1 1
1 1 1
5| 10% | | :
1 1 1
1 1 1
151.4 168 180 N=40
0 0%
0 10 20 30 40 50 60 70 80 90 100 ‘
Data Values
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Position Indices: The Mode
PUTER-SCIEN

/
o/
\;// Example 2: Bimodal

Mode =8

4 11,8, 0 3, 2

Mode=4and 7

Example 3: Categoncal
Red, Blue, Green, Blue

Mode = Blue



Position Indices: The Mode

Multimodal: Three or more numbers tie for the highest
frequency.

e Example: {1,1,2,3,3, 4, 5 0} — The modes arel 3, and 5.

No Mode: Every value in the dataset appears the exaet same
number of times (usually just once), meaning no number stands
out.

o Example: {2, 4, 6, 8, 10} — There is no mode.
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The Great Divide: N vs. N-1

Population (Complete Data)
The Bias Problem

> (x — p)? : )
T — H A sample is almost always less diverse than the
full population. If we divide by N, we consistently

underestimate the true variability.

Used when you have data for every member of the group.

( )

Sample (Subset) i
ample (Subse Bessel's Correction

Dividing by N-1 makes the result slightly larger.
\/Z(x — )2 g by gntly larg

This mathematically corrects the bias, providing a
more accurate estimate of the population's true
spread.

Used when you have a random subset to estimate the whole.
\_ J




Comparing Measures of Central Tendency and Dispersion

Skewed Distribution Normal Distribution
(e.qg., Right-Skewed Data) (e.q., Bell Curve Data)

Mode Mean
Median,
1..0 Median 12 14.5

\ Mean

3.5

| ‘—20 -lo | +1o0 +20‘
I

| I |
—-1lo0 Mean +1lo0 +20 -20 -1lo0 145 +1lo0 +20
105 335 165 195 105 125 16.5 18.5

Note: Shaded regions represent ranges of Mean = ¢ and Mean + 20




Mastering Histogram

A comprehensi egﬁimt bin size to reveal the
tions.



The Binning Problem

Determining the correct number of classes (bins) is

crucial for accurate data visualization:

> Overfitting (Too many bins): The histogram will
have too many "holes" and look like a comb.

Statistical noise obscures the real trend.

Underfitting (Too few bins): You will lose critical
distribution details, and the data will appear as a

single, indistinct block.

The Goal: Find a statistical balance that accurately
represents the underlying probability density

function.

Vo5

voe

Vo7

HISTABLE

Animation Type

vos vos vio vil vi2

V13

vis vie V17



Visualizing Binning Errors

10 10 15

I | |
|
0] 5 40 10

0 1

.||||...||Ih..||I||||||||||‘|'i|l||||‘
0

) 2

Data Bins

Overfitting: Too Many Bins

Visual Sign: The "Comb" effect. High variance and "holes" in
the data.

Impact: Statistical noise obscures the true density function.

||‘||‘||“||| ||"|||I||‘||"“I||I"|||I|||..,I||||||..I||....|
20 20 1l

Underfitted Data Distribution

155

Frequency
N w W
o o o

=y
o

0 -00 20 45 100
Data Range

Underfitting: Too Few Bins

Visual Sign: A single, blocky mass. High bias.

Impact: Critical details of the distribution's shape are
completely lost.



1. Square-Root Choice

The Baseline Method

This is the simplest and fastest method, frequently used in

Q

. 0 nQ o L\ L/
basic statistics courses and standard spreadsheet : 72 )
software. @ @
o)

D
k= ryni ) E

SN

0C
(]

O

> Calculates: Number of bins (k) based on sample size

(n).

>  When to use: Excellent for small to medium-sized

U/ o/é\o OU =
CER

datasets.

> Example: For n = 100 measurements, you use k = 10

bins.



2. Sturges' Formula

The Statistical Default Assumptions & Limitations

Sturges' formula is the default method in many statistical > Assumption: It implicitly assumes that the data

software packages, including R and basic Python plotting follows an approximately normal (Gaussian)

libraries. distribution.

> When to use: Works very well for datasets

where n < 200.

k= r1+log2 (n) 1

> When to avoid: Poor choice when data has
highly asymmetrical distributions (strongly

skewed) or very large sample sizes.



3. Scott's Normal

Average performers

Targeting Bin Width (W)
Unlike previous methods, Scott's Rule calculates the
optimal bin width directly, relying on the data's dispersion

(Standard Deviation, o).

— 349 - o
\ W =249,

When to use: Ideal for distributions close to normal but
with larger datasets. Once W is found, calculate k by

dividing the total range (Max - Min) by W.



4. Freedman-Diaconis Rule

Robust Against Outliers Application Scenario

Considered one of the most robust methods available. > Calculates: Optimal bin width (W).

Instead of standard deviation, it uses the Interquartile

Range (IQR = Q3 - Q1), making it resistant to severe > When to use: Strongly recommended for

outliers. complex real-world data, heavily skewed

distributions, and datasets with "heavy tails".

W 2 IQR > Why it works: By isolating the middle 50% of
data (IQR), anomalous extremes do not distort

the underlying bin scaling.




The Interquartile Range (IQR)

Interquartile Range

Robustness to Outliers
| | >
Beyond Standard Deviation: Unlike variance, the

IQR is not "skewed" by extreme individual values or
anomalies in the tails.

LK ﬁ—l -‘ff — * Outlier

Mini Min Q1 Q3 1,5 tixs IQR )
O Re Central Focus: Describes dispersion by completely
R o T ignoring the tails, making it an extremely robust
measure.
Mathematical Rigor >
Application: Ideal for real-world datasets with
The difference Q3 - Q1 defines the width of the skewed distributions or "heavy tails".

central 50% of the distribution. It is the heart of the
Freedman-Diaconis rule for defining histogram bins.



Practical Application Tips

Mathematical rigor must be balanced with human readability. A

chart is useless if it cannot be quickly interpreted.

=

1. Calculate

Determine the theoretical range or
width (W) using one of the formulas
(preferably Scott or
Freedman-Diaconis for robust

datasets).

4y

2. Round Safely

Always round the width to a
"readable" number that scales well
mathematically (e.g., multiples of 2,

5,10, 20, or 50).

O

3. Optimize UX

If Scott's formula suggests W =
17.3, force classes of 20. An X-axis
reading O, 20, 40 is instantly clear;
0, 17.3, 34.6 is unreadable.
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\ » Student A: 2 hours — Score 50
/ 3\\% » Student B: 4 hours — Score 60
» Student C: 6 hours — Score 70

« Student D: 8 hours — Score 80

e Student E: 10 hours — Score 90



» Mean of Hours (7):

2+4+6+8+10 30
5 ~ 5

« Mean of Scores (Y):

=ARN

50+60+70+80+90 350

5 5




Student

A

Sum

Hours (x;)

2

4

10

e
2-6=—4
4—6=—2
6—6=0
8—6=2
10-6=4

50 — 70 = —-20

60 — 70 = —10

70-70=0

80 — 70 = 10

90 — 70 = 20

Product (z — X)(y — Y)

(—4)(—20) = 80
(—2)(—10) = 20
(0)(0) =0
(2)(10) = 20

(4)(20) = 80

200



Example |
- " =,
Ab%fl’}\\

T

Sum of Products 200 g %
SXy = N = 40 "4
M

X
XA

*




Variance of X (32X):

(—4)*+ (-2)>+0*+22+4> 16+4+0+4+16 40

=8
5% 3 3

Standard Deviation of X (sx):

V8 ~ 2.828



Variance of Y (sf,):

(—20)% + (—10)* + 0% + 10* + 20> 400 + 100 + 0 + 100 + 400 _ 1000

d 5% 5%

Standard Deviation of Y (sy): ]

v200 ~ 14.142



2.828 x 14.142
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The Conceptual Pivot: From Describing Data to Predicting Uncertainty 1)
) ad ok \ 2N // W [
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Operations on Events

We combine simple events to form complex ones using Set Theory logic.

Union (AU B)
The event that happens if A OR B (or hoth) occur

Intersection (A N B) Al A X
The event that happens if A AND B occur mmultaneously
Complement (A°)

The event that happens if A does NOT occur.
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The Axioms

Definition: Probabilityisa = |> * L -
function satisfying specific « AN
rules.

1. Normalization
2. Additivity (for disjoint M
A

IfANB=0,then : P(AU B) = P(A) +P(B)
*



S

AACHINE LEAR

P(AUB) =P(A) +P(B) —P(AnN Bl
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THE SAMPLE SPACE (Q) Uniform vs Non-Uniform
_— —a— In a Uniform space (like rolling a fair die), every outcome has the exact
| == == same weight (%)

In a Non-Uniform space, the elementary outcomes have different weights.
If we randomly pick one marble from the bag, getting "Red" is much more
likely than getting "Blue".

’ |
. . ‘ The Probability Rule

. ‘ To find the probability of an Event A, we cannot just count the outcomes.
We must sum the individual weights (probabilities) of every elementary
- event inside A.

Red: 7, Blue: 3, Total: 10

P(A) = ZwGA P(w) *
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In continuous spaces (Time, Distance), the probability of
hitting an exact single point is mathematically ZERO.

i
ale
/x J

b/

We define probability as the Area under a curve f(x) over a
specific interval [a, b].

The Density Function (f) represents the relative likelihood.




The Two Conditions of a Valid PDF

A density function can never be negative. Likelihood The total area under the entire curve must equal exactly
must be zero or greater at every point. 1(100% total probability).

f(x)20 J_ f(x)dx=1

for all real numbers x Total integral over space



Continuous Probability: Infinite Spaces

THE SCENARIO

Imagine a bus arrives at a stop perfectly randomly anytime
between 8:00 and 8:10.

TOTAL INTERVAL VARIABLE (X)
10 Minutes Arrival Time

X is the number of minutes past 8:00.

8:00 8:10
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Continuous Probability: The "Perfect” Bus

Total Area = (10 - 0) (100%)

Target Area = (6 - 4) (20%)
P(8:04 < X < 8:06) =

=== Density Function f(x) =

Probability (Area)
Interval [4, 6]

4 5 6
Time (Mindt®§'past 8:00)




QM: THE BORN INTERPRETATION

HISTORICAL CONTEXT

This is the central concept connecting probability
and quantum mechanics. Stated by Max Born in
1926, it provides the physical meaning for the wave
function.

THE MEANING

The complex-valued wave function, W(x, t), is
squared to derive the Probability Density Function

(PDF) for finding a particle at a specific point. PDF(X, t) = ILP(X, t)l 2

THE KEY EQUATION



THE QUANTUM WAVE FUNCTION (W)

FINDING THE PARTICLE

The distribution on the right is the probability density
cloud for a particle in a quantum state.

QM PROBABILITY

The probability of finding the particle between position
a and b at time t is calculated by integrating the
squared magnitude:

P(a, b) = [a0 |W(x, t)|? dx
[ [ W(x, 8)]* dx =1

NORMALIZATION UNIVERSAL RULE
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Advanced Probability: The Logic of Inference

a = | 2
THE PARADIGM SHIFT _ UPDATING BELIEFS | o
Moving beyond static sample spaces into dynamic Probablllty}|s not fixed. As evidence (E) arrives, the prior
inference. We no longer just count outcomes; we model " likelihood of a hypothesis (H) is mathematlcally updated
how new information reshapes our entire mathematical to a pdterior’ Rrobabllltyt
reality. i VAR " '

0 A

B A L
S g

¥ =

THE CULMINATION: I§A|YE§’ THEOREM

Prior Knowledge ____ PIHIE)= [P(E|H Rz (H)] -~ Posterior Logie

Initial Beliefs P(E) Updated Reality
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Conditional Probability: The Impact of Information

CORE CONCEPT MATHEMATICAL DEFINITION
When an event E occurs, the sample space O shrinks to E. IP( ilm E')

We calculate the likelihood of A within this new IP)( A ‘ E’) i
P(E)

constrained reality.

Information updates our belief: "Given E, what is the
chance of A?" Mandatory Condition: P(E) > 0

The sample space O is replaced by E.
’ % By knowing E happened, outcomes outside of E are now impossible. The probability of
A is now normalized by the size of E.
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The Equation

P(ANB)

P(AIB) = — 55

P(ANB) = P(A|B)P(B)
Because the labels A and B are arbitrary, we can

also write it from the perspective of event A

happening first

P(ANB) = P(B|A)P(A)

Updating our Beliefs

The theorem calculates the probability of Hypothesis A

occurring, given that Evidence B has been observed.

_P(B -P(A
P(A|B)— ( ll;/\()B)( )

It provides a rigorous way to reverse conditional probabilities.

It allows us to calculate P(A|B) if we already know P(B|A).



Anatomy of the Formula

Let's break down the variables on the right side of the equation that allow us to calculate the final Posterior probability.

ala P(A) - The Prior
2e2 P(B) - The Marginal

The initial, baseline probability of the hypothesis A

being true, before any new evidence is collected or The total probability of observing the evidence B under

all possible conditions, regardless of whether
observed.

hypothesis A is true or false.
Q P(BIA) - The Likelihood This acts as a normalizing constant. It ensures that the
final calculated probability remains a valid percentage

The probability of observing this specific evidence B,
between 0 and 100%.

assuming that our hypothesis A is actually true.



Real-World Impact

[

Medical Testing

If a rare disease test comes
back positive, Bayes' Theorem is
used to calculate the actual
probability of the patient being
sick, factoring in the

false-positive rate of the test.

Yo

Spam Filters

Machine learning models (Naive
Bayes Classifiers) use this
theorem to calculate the
probability that an email is spam,
given the specific combination

of words it contains.

ad

Risk Assessment

Insurance companies and
quantitative finance firms use
Bayesian inference to
continuously update risk models
and asset prices as new market

data arrives in real-time.
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Example: Sequenti

The Scenario

e BoxA:10la
e BoxB:6lam
e BoxC:8lam



Bayes' Theorem

Reversing the Condition It allows us to calculate the
probability of a Cause given an Effect.

e "Given that the lamp is defectlve (D) what |s the
probability it came fromBox A?" © . - |

B(D|4)P(4)
P(4D) = 5%
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Calculate the Denominator (Total Probability)
P(D) = P(D|A)P(A) + - Total probability of picking a

P(D|B)P(B) + gefectlve Iamgfrom any ofthe
DIES s L T« </
P(DICYP(C)  .i- i A % 9 V8
4 1 5 \/ ¢ (\(( el
| | i
Using the chain rule
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Put it all together in Bayes' Theorem
We found P(D|A) P(A) = 4/30 but 4/30 = 48/360 and P(D) = 113/360

48/360
113/360

P(A|D) = |
The estimated probability that the defectlve lamp came from Box A s 48/113 which
is approximately 42.5%.

Even though you had an equal %5 = (33.3%) chance of picking Box A at the ver
start, knowing that the lamp you drew was defective increases the likelihood that
you drew from Box A. This makes perfect logical sense because Box A has the
highest concentration of defective lamps compared to the other boxes
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Example: Medical Diagnosis (The False Positive Paradox)

The Scenario: Imagme a rare disease affects 1% of the
population. There is a test for this disease that is 99%
accurate.

If you have the dlsease, the test is nosmve 99% of the

time.

e |f you don't have the disease, the test is negative 99% of

the time (1% False Positive).
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Example: Medical Diagnosis (The False Positive Paradox)

Prior Probability: P(D) = 0.01 (1% of people have it).
Probability of Positive if Diseased: P(+|D) = 0.99..

Probability of Positive if Healthy: P(+[H) = 0 01 (False Posmve)
Total Probability of Positive P(+):

o P(+) = P(+|D)P(D) + P(+]H)P(H)

o P(+)=(0.99 x 0.01) + (0.01x 0.99) = 0.0099 + 0.0099 - 0.0198



Example: Medical Diagnosis (The False Positive Paradox)

Bayes' Formula:

_ P(+{D)PD) " 0.0099

The Result:The probability is onlv/50°/o. Even with a ﬁos(?i'tive test, it's a coin flip
whether you are actually sick or just a false positive

Why? Because healthy people (99% of the population) vastly outnumber the
sick people. Even a tiny 1% error rate on the massive healthy group produces
as many false positives as there are true positives
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What is a Random Variable? (X) =

A function that associates a real number with every possible outcome of a random V
experiment (Q). ‘
: | o : B
° 74
X:OQO->FECR

I ) a4 B\

E Discrete - ATlS
- Continuous

Ui stetb?f Values E s finite or The set E is a continuous interval.
coun. (Wl et e.g., Time, Length, Temperature.
e.g., Die rolls, Counting items.




What is a Random Variable

The Random Variable translates real-world outcomes into
numbers.

A random variable is actually a mapping rule or a translator

When you conduct an experiment (like tossing coins, rolling dice,
or picking a lightbulb), the raw outcomes are often not
numbers—they are physical events (e.g., "Heads, Tails,” or
"Defective, Working"). Mathematics cannot easily calculate with
words. A random variable (X) is the rule you define to assign a
specific numerical value to every possible physical outcome.
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Rolling a Single Die

Let X = 0 if even, X = 1if odd. This maps the physical outcome to a
numerical value.

/

Sample Space (Q) Mapped Vam\eks LE]/
{1,238, 4, 5,| 6} {0, 1}

0dd Outcomes (X=1) Even Outcomes (X=0)

X(1) = X(3) = X(2) = X(4) =

X(5) =1 X(6) =0
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Since a random variable is a function of random
experiments, it assumes its values with a certain
probability.

PROBABILITY QUESTIONS Al

{P(X=0) = 7

What is the probability that X is zero?

P(Y =5) =7

What is the probability that Y is five?




Probability function

The Probability Function translates random variables into
probabilities.

Once the random variable has done its job of assigning numbers
to all the outcomes, the Probability Function steps in. Its job is to
take those numbers and calculate the exact likelihood (a value
between 0 and 1) that each number will occur.Depending on
whether your data is discrete or continuous, this is called a
Probability Mass Function (PMF) or a Probability Density Function

(PDF).
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The Distribution or "Law" of a finite random variable defines the
complete mapping of outcomes to their likelihoods.

Mathematical Definition

P(X = x) = p,

Probability of variable X assuming a specific value xi

2p; =1

The sum of all associated probabilities must equal unity
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Finite Random Variables: Examples

Considering the first example X, as already mentioned, can
take on values in E = {0, 1}.

e What does it mean that X = 0?

o It means that the throw gave an even result
Formalizing, we have that the event {X = 0} can he
written as follows,

o {X=0}={2 4,6}
e Probability P(X=0)=P({2,4,6})=3/6=1/2



Finite Random Variables: Examples y=XY - X.

The set of values assumed by X and the probabilities with which they are assumed is called the law or distribution of X.

Two Dice Experiment

The random variable Y represents the sum of
the results of two dice.

(Y =2}={(1,1)}
P(Y=2) = P({(1, 1)}) = 1/36
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Continuous Random Variables: Example

The total area under the density curve must equal 1 for the function to

Let X be the continuous random variable be a valid PDF.
with density function f given by:

We verify this by integrating over the range:

l /Lf(X)




Continuous Random Variables: Example

Let's calculate P(1 < X < 1.9).
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The Core Concept

A statistical distribution is not an arbitrary curve; it is

fundamentally defined by its parameters.

o

== The Control Dials: Think of parameters as the settings
on a machine. When you adjust the parameters, the
entire distribution curve shifts, stretches, or

B Matipeasatical Dependence: The mean (expected value)
and standard deviation (variance) are not independent

traits. They are directly calculated from the parameters.
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Discrete Distributions

How parameters dictate the mean and variance (sdligcrete spaces.

£’ Binomial Distribution @ Poisson Distribution
Parameters: n (trials) and p (probability of Parameter: A(lambda), the average rate of
success). occurrence.
p =n- p “ - }\
02=n-p-(1—p) o = A

*In Poisson, the mean and variance are identical.



Continuvous Distributions

How boundaries and direct parameters shape the continuous curves.

wil Uniform Distribution A Normal Distribution

Parameters: The boundary points a and b. This is a highly special, convenient case where the

parameters are the mean and variance.

N(p, o)

*The curve's center is mapped directly toy and its width is

mapped directly tod:



Adjusting the Dials

Dynamic Mathematical Models

When an analyst changes a parameter, they are

mathematically reconstructing the entire probability space.

For example, in a Binomial distribution Bi(n, p), if you
increase the probability of success p, the peak of the curve

physically slides to the right.

Simultaneously, the variance expands or contracts based

exactly on the mathematical output of np(1-p).




The Big Takeaway

<

DETERMINISTIC LINK

100% Predictability

The core concept is absolute mathematical dependence.

You do not need to "measure" or "guess" the mean or
variance of a known probability distribution. If you know the
parameters that define the distribution, the expected value
and standard deviation are automatically, deterministically

known.
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Bernoulli Distribution: example

Bernoulli Distribution: Fair Coin Toss (p=0.5)

Mean (E[X]) = 0.5
Variance = 0.25

Tails (0)
Outcome
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Binomial Distribution Example

We perform an experiment where we toss a fair coinn = 6
times. We are interested in the total number of Heads
(Successes) obtained.

Distribution Trials (n)

B(n, p) b

Probability (p)

0.5 (air Coin)

Random Variable (X)

The total number of Heads across all trials.

Possible Values

o 1 2 @ &+ 5 s

Where 3 is the most probable outcome (Expected Value) is
the mean .






Binomial Distribution Example

Binomial Distribution: 6 Coin Tosses (n=6, p=0.5)

Expected Value (Mean) = 3.0 i

Variance = 1.5
Max Probability at k=3 0.312
(31.2%)

=k)

Probability P(X

0.094
(9.4%)
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Number of Heads (k)
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Poisson Distribution Example
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Poisson Distribution: Effect of Changing Rate (A)

P(X=6|A=4) = 0.104

8 10 12
Number of Events (k)

Parameters
Low Rate (A=1)
Mean=Var=1
Medium Rate (A=4)
Mean=Var=4

High Rate (A=10)
Mean=Var=10
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STATISTICAL MECHANICS

Gas Theory & The Poisson
Distribution

Why ideal gases perfectly manifest the mathematics of independent,

random events in space and time.



Clarifying the Confusion

When discussing Kinetic Gas Theory, we are actually dealing with two different mathematical distributions

depending on what we are trying to measure.

@ Maxwell-Boltzmann

What it measures: The speeds or kinetic energies

of the gas molecules.

This is a continuous distribution. It defines the famous
bell-like curve showing that a few particles are very slow,
a few are extremely fast, but most travel at an average
speed.

232 Poisson Distribution

What it measures: The distinct number of particles
in a specific tiny volume, or the number of collisions
over time.

This is a discrete distribution. It predicts exactly how

many individual events or items we can expect to count.



1. Particles in a Microscopic Volume

Imagine a large container filled with an ideal gas. If you '
zoom in and draw a microscopic, imaginary box inside that

container...
How many gas molecules are inside that tiny box
at any given exact millisecond?

This scenario perfectly maps to the Poisson Distribution
because it satisfies all the strict mathematical requirements

of a Poisson Process in 3D space.




Why the Math Matches the Physics

The physical properties of an ideal gas are identical to the assumptions required for a Poisson model.

3

Independence

In an ideal gas, molecules do not
attract or repel each other
(except during direct collisions).
The position of Molecule A has
absolutely no effect on the

position of Molecule B.

&

Constant Rate (A)

Because the gas is evenly
spread out macroscopically,
there is a known, constant
average density. We know there
is an average rate (A) of

particles per volume.

[ 4
A

The "Rare Event"

The chance of one specific
molecule out of trillions landing
in your tiny box is incredibly
small. A Binomial distribution
with massive n and tiny p
mathematically becomes

Poisson!



2. The Number of Collisions

Tracking Events Over Time

Now, instead of looking at space, let's track one single gas

molecule over time.

How many times will it crash into another molecule in the

next 1second?

- Collisions happen at a constant average rate based

on pressure and temperature.

- Collisions are "Memoryless". Knowing a collision
happened 1 microsecond ago doesn't change the
probability of one happening in the next

microsecond.




The Physical Manifestation

THE AVERAGE RATE

The Ultimate Random Process

You see the Poisson distribution in gas theory because an
ideal gas is the ultimate physical manifestation of
independent, random events happening at a constant
average rate.

Whether you are counting particles inside a microscopic
volume, or counting the number of collisions over a span of

time, the underlying mathematics are identical.
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Uniform distribution (continued)

Continuous Uniform Distribution Un(2,

Parameters: PDF fix)
a=>2 : Total Probability = 1

b=8 - = Mean u=>5.0

Statistics:
Mean u=232=5.0

Variance o2 =“’1_—23)L= 3.00 R—e
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Normal Distribution: Shape and How It Changes

T P = standard deviati
The normal distribution is o = standard deviation

symmetric and bell-shaped.
Mean (u) is at the center.
The total area under the
curve is 1 (100%).

About 68%, 95%, 99.7% of
data lie within 10, 20, 30

0.15% 4.35% f ! 4.35% 0.15%
from the mean. \

u-=30 u+20 u+30
2. How It Changes

A. Changing the Mean (u) B. Changing the Standard Deviation (o)

Changing u shifts the curve left or right. Changing o changes the spread.
The shape and spread stay the same. The mean (center) stays the same.

o =0.5 (narrow)
o=1 (medium)

1 1 o=2 (wide)

p=0 pu=0

Same o (spread), different u (location) Same u (center), different o (spread)

Key Takeaway: u controls the location (left or right). o controls the spread (narrow or wide).
Both determine the normal distribution.
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The Product Rule (Chain Rule)

Calculating Intersections: From the definition of conditional

probability, we can derive a rule to find the prohahlllty that
both events occur.

P(A N E) = P(A{B)-P(E)

Application: This is essential for sequential experiments
(e.g., drawing two cards one after another without
replacement).




Independence

Definition: Two events are independent if knowing one
occurred does not change the probability of ,_‘the other

P(AIB) = B(4) L 213
or P(AN B) = B(A)P(B)

Independent # Disjoint (Mutually Exclusive). Disjoint events
are highly dependent (if one happens, the other cannot!).
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Central Limit Theorem (CLT)

The Power of Sums:

e Thesum (S =X +X, +... + X ) of a large number of
independent and identically distributed (therefore with the
same mean p and the same variance o%) random variables (X)

tends toward a Normal Distribution, regardless of the original
distribution.

Parameters for Sn:

® E[Sn] =N
e Var[$ ] =no?
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Dealing with Experimental Error

Imagine you are a scientist or engineer trying to measure a physical
quantity (like the temperature of a liquid, the length of a component,
or the voltage of a battery).

o The True Value (u): This i s the actual value you want to find (e.g,,

the true temperature).

e The Instrument's Precision (o): No instrument is perfect. Every
time you take a measurement, there is some random error. The
"noise” or spread of your instrument is represented by the
standard deviation o




The Single Measurement (X)

If you take just one measurement (X,), your result is "noisy.” It comes
from a distribution where the values are scattered around the true
mean p with a variance of o

e Result: You might get a value that is far from the true target
simply due to bad luck (random error).

e When you take a single measurement, you are essentially
"picking one number” out of a hat that contains all possible
outcomes defined by the probability distribution.
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‘9 EXPERIMENT: [ ) —

Measuring Ball ' o |
Rolling Time I\ ' DATA COLLECTION: (9 THE PROCESS A CENTRAL LIMIT THEOREM IN ACTION:
Individual Measurements Sampling & . isiibution'of Samplv'Moans

(Ramp Time) Calculating Means ™ Normal (Gaussian)
4 Distribution of Sample Means (X)
J7i

() (@]
e e e @ ~ = As Sample Size
\ (n) Increases,

® @
Sample 1 Sample 2 BRI\ the Distribution
il Approaches

(n=5) (n;S)
Normal

b

X4

Frequency

R St Sample3  Sample 4
Skewed Distribution of (n=5) (n=5)
Individual Data Points (x) X X.
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Meaning: If the true mean is really 100, the average of 64 i\ | AR
measurements should typically fluctuate by only about 0.50Q. .
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